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Introduction

Let G be a group and let A(G) and P(G) denote the left and right commutation
semigroups of G, respectively. B.H. Neumann first noted that if G = D,, the dihedral
group of order 6, then |A(G)| =9 and that [P(G)| = 6and that P(G) = A(G). N.D. Gupta

[1] explored these commutation semigroups for dihedral groups, exploring what
conditions are needed to ensure isomorphism between the two sets. C.D. Levy [2] then
determined the cardinality of the left and right commutation semigroups of the dihedral
group D where n is odd and when n is a power of two.

Theorem (Levy): Let n=2"swhere r € Z,and s is odd. Then:

27427 =2 =0 27427712 =0
P(D,) ={ ’ ={ ’

n(ind,(n)+1) r=0 n(ind, (n)+1) r=0

Where ind,(n) (for n odd and thus coprime to both -2 and 2. This guarantees that some

|A(D,)

power of 2 and -2 is one) is the least positive integer such that (=2)"**" =1(mod#) and

ind, (n) is the least positive integer such that 2" =1(modn).

The purpose of this paper is to address the cardinality of the left and right commutation
semigroups for dihedral groups D, where n is neither a power of two nor odd. That is, if

we define m, and m, as follows:

r ifs=1

{min{x >r1(=2)" = (-2) (modn)} ifs>1 {min{x >r:2"=2"(modn)} ifs>1
mR = mL =
r ifs=1

Then:

Theorem3.5: Let D, be a dihedral group where n=2"s (7 > 0,5 >0 is odd) and let m,, as

defined. Then |[P(D,)|=s(2" +2""' =2)+s(m, —r).

Theorem 4.3: Let D, be a dihedral group where n=2"s (r >0,s >0 is odd) and let m,
be as defined. Then |A(D,)|=s(2"" +2" =2)+s(m, —r).
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1. Notation and Definitions

Definition: Let G be a group and let g and b be any elements of G. Then the commutator
of a and b is defined as:
[a,b] =a'bab

Definition: Let G be a group and let a be a fixed element of G. We define the following
functions:

p,:G — G such that Vg € G,(g)p, =|g.4]
A,:G — G such that Vg € G,(g)4, = [a,g]

Then the left and right commutation semigroups of G are defined® (with the product of
mappings defined as their composition) as:

P(G)=(p,:aeG)
AG)=(A,:aeq)

Definition: The dihedral group of order 2n is defined as:

D, = <a,b ca"=b"=1b"ab = a’l>
Note: Any element g in D, has either the form g = a" or g =ba", for some k € Z,, both of

which | will be using without reference. It is a direct consequence of this that many proofs
in section two will be done twice, once for each representation.

Example: Let us observe the dihedral group of order 6, D, . The presentation for this
group is

D, =<a,b:a3 =b'=la"=a'= a2>
And its elements are {l,a,az,b,ba,baz} . Let us now look at the functions p and A4 and

where they map for each element of D, .

, For all elements s,,...,s, in a semigroup S, we denote by <sl,...,sn>

the subsemigroup of S generated by s,,...,s,



For example, if we take powers of a in D, and commute it on either the left or right by

another power of a, we get the group identity as they are commutative. In the proceeding
two tables, we show the mappings p and A in detail, along with three compositions of 4

mappings.
g €D, (&)p, (g)p, (8)p, (&)p, (&) P (8)p,,
1 1 1 1 1 1 1
a 1 1 1 a a a
a2 1 1 1 a2 a2 a2
b 1 a’ a 1 a’ a
ba 1 a’ a a 1 a’
ba> 1 a? a a’ a 1
geD;| (4| (94| (4. (94| (QA4.| (94| (@44 | (&4 4, | (94,4,
1 1 1 1 1 1 1 1 1 1
a 1 1 1 a’ a’ a’ a a a
a’ 1 1 1 a a a a2 e 7
b 1 a a* 1 a a’ 1 a a
ba 1 a a a’ 1 a a 1 a
ba* 1 a a’ a a’ 1 a a 1

Observe that the mappings obtained when we commute on the left are not equal to those
we obtain from commuting on the right. It shall also now be noted that these elements
are not the only elements of the commutation semigroups P(D,) and A(D,) but that
these mappings serve as their generators. To build P(D,) and A(D,), we must take

products of these mappings and products of their products until we close up the set where
no more new elements can be generated, as we have done in the above table. This can be
a tedious task, as some semigroups close up more quickly than others. It is not in general
true that the left and right commutator semigroups are isomorphic; in D, , it is not only

the p and A mappings that differ but also P(D,) and A(D,). In fact, it is seen above that
P(D,) and A(D,)do not even have the same order, having 6 and 9 elements,

respectively.



2. Preliminary Theory

Within this section, we follow the discussion presented by Gupta in [1]. He started by
defining a function u(i, j) from a dihedral group into itself. Though this function seems

isolated from our area of study, Gupta discovered that its mappings are directly related to
the right and left commutator semigroups of dihedral groups and that they will facilitate
(for reasons not so obvious) our study of them. | have provided proofs for many of the
lemmas in this section about these mappings in Appendix A. Throughout the discussion, it
will be assumed that we are studying the dihedral group of order2n, D, .

Definition: For any two fixed i, j € Z, define the following mapping:
u(i, j): D, —> D,
Such that:
(ak)/,[(i,j) =a" And that (bak),u(i, 7)= s

Lemma 2.1 [Gupta]: For every i,i', j, j' € Z,, u(i, j) = u(@’, j') if, and only if i =i', j = '
Lemma 2.2 [Gupta]:For all i,i', j, j' € Z, u(i, j)u(@', j") = u(i', ji')

Note: It is as a result of the injection shown in Lemma 2.1 and the product defined in
Lemma 2.2 that we can conclude that M = {,u(i, J)ii,je Zn} is a semigroup of ordern’.

As previously stated, these (i, j) maps seem isolated; they appear to come out of

nowhere. However, these mappings were so properly constructed by Gupta that they
completely describe the left and right commutator semigroups.

Lemma 2.3 [Gupta]: ForalljeZ, p _, = u(0,-2j) and p, _, = p(-2,-2))
Lemma 2.4 [Gupta]: ForalljeZ, 4 _, =(0,2j) and 4, _, = 1(2,2))

Using lemmas 2.3 and 2.4, we completely describe the generators p and A4 of the left and
right commutator semigroups P(D,) and A(D, ) using these 1 —mappings. It should be
noted as such, then, that because M is of order n° we have an upper bound on the
cardinality of the commutation semigroups. That is, we know that |A(Dn) P(Dn)| <n’

.Also, the elements of the left and right commutator semigroups, powers of these
generators, are products of these x—mappings. It will also be noted that we need only

take products of #—mappings that have a non-zero i as a parameter for:

3



Lemma 2.5: Every element of P(D,) is of the form 1(0,-2j)or u((-2)',(-2)' j) for some
JeZ,.

Lemma 2.6: Every element of A(D,)is of the form 2(0,2/) or u(2',2' j)for some jeZ, .

It directly follows from lemmas 2.5 and 2.6 that to determine the order of the sets
(1(0,-2)): jeZ,y o iu(-2),(-2) j): jeZ,, €L}
and {u(0,2)): jeZ,yoiu',2' j):jeZ, leZ"}
is to determine the order of P(D,)and A(D,), respectively.

It is now evident as to why the representation of the elements of the left and right
commutator semigroups as x—mappings is advantageous. One could take products of
the mappings in our semigroups (as we did in our earlier example involving S, ) until it is
shown that no more new mappings can be produced. However, the number of new
mappings produced depends on the group and thus requires an undetermined amount of
calculation. Reducing every left and right commutator semigroup of every dihedral group
to a representation as the set of x —mappings above (which we will show to have
predictable and easily calculable orders) solves this problem and allows us to make
general statements about their orders.



3. The Order of the Right Commutator Semigroup

C.D. Levy showed [2] that:

[P(D,)

3 274272 n=2"reZ'
n(ind, (n)+1) n is odd
Where ind () (for n odd and thus coprime to -2. This guarantees that some power of two

is one) is the least positive integer such that (-2)"**") = I(mod n).

Levy calculated the order of the left and right commutator semigroups of any dihedral
group D, where n is odd or a power of two. This leaves open the question of dihedral
groups D, where n=2"s where r € Z" and s >l is odd. We shall determine these orders
by calculating how many x—mappings are contained in

(1(0,-2)): jeZ yuiu(-2),(-2) j): jeZ, l€Z"} asfirst explored in section two. For

ease of discussion, | make:

Definition: For any two fixed a,b € Z , we define the (a,b)—container to be the set

denoted C(a,b) ={u(a,kb):keZ,}.

We now establish with the following two lemmas some sense of distinctness amongst the
containersin D, :

Lemma3.1: Forany 4,8,C,DeZ, , C(4,B)NnC(C,D)=O ifandonlyif A=#C.

Our challenge of determining the order of P(D,) rests in first determining how many

distinct ((=2)',(=2)') — containers exist, then determining how many (0,2 j) —containers
exist and how many x —mappings are contained in each container. We know there is only
one (0,2j)—container and by lemma 2.1 and lemma 3.1 we know that any two
((2)',(-2)") - containers are equal only if their arguments are equal. Our dihedral groups

are of finite order 2n and the mappings are defined such that their arguments are modulo
n. We can thus conclude that if we take products of the arguments of containers modulo
n , they will repeat eventually. To formalise this notion of repeating, | define:

Definition: With n=2"s (reZ",s >0 odd), let m, be defined as:
{min {x>7r:(=2)" = (-2) (modn)} ifs>1
mR =

r ifs=1



It is easy enough to define m, . The following lemma, however ensures our ability to do so
without worry of its existence:

Lemma 3.2: For n=2"s with » >1 and s odd there exists a positive integer k > r such
that (=2)" = (=2)"(mod n)

Now that we have an index of sorts to use as a means to enumerate our containers, we
now do so with:

Lemma 3.3: There are m, —1 distinct ((=2)',(-2)')—containers, for [ € Z".

Example: Let us look at D,, withn=36= 29 (r=2,5=9) and let us observe how many
((=2)',(=2)")—containers exist in D,,and determine the cardinality of each of these
((-2)',(-2)") - containers.

The Containers Its Parameters (MOD n) How Many
1(0,-2j) = u(0,34j) 0,2,4,6,8,10,12,14,16,18,20,22 | 18
24,26,28,30,32,34
u(-2,-2j) = n(34,34j) 0,2,4,6,8,10,12,14,16,18,20,22
24,26,28,30,32,34 18
u(4,4j) 0,4,8,12,16,20,24,28,32
9
u(-8,-8j) = 1(28,28j) 0,8,16,24,32,4,12,20,28
9
u(16,16j) 0,20,4,24,8,28,12,32,16
9
w(-32,-32j) = u(4,4j) REPEAT | NO NEW MAPPINGS - STOP

In this example we can see that we first have p(0,-2j) on top, the first part of the union, giving
us 18 distinct elements of P(D,,) . We then have the (w(=2),(2) j:jeZ IeZ ). ltis

noted now that there are 4 =m, —1=5-1 distinct ((-2)',(—2)")—containers where m =5

because it is the least positive integer greater than » =2 such that (=2)° = (=2)"* (mod ). m



Now that we know how many containers there are for dihedral groups, we now count how
many £ —mappings are in each container. For each xz—mapping, thereisa j being multiplied

by the second parameter. Because these parameters again are modulo n, they repeat after a
finite number of multiplications. Thus, these containers have finite and calculable order.

In our example, we note that the containers each contained 18, 18, 9, 9 and 9 mappings in the
order presented here. We can thus conclude that P(G) has 63 elements.

We now determine, in general, how many x—mappings each container contains. We see first
of all that the ((=2)',(—2)")—container has gmappings contained in it. Because both -2 and

n are even, we can cycle through and get all of the even numbers between 0 and n-1 but we
can not get any of the odd ones. This is the same for the ((—2),(—2)) —containers . When double

the parameter to, say,

u(-4,-4j), we effectively skip over another half of the half we had and we thus have % M=

mappings within . This technique is used by Chris Levy in [2] to prove how many £ —mappings
are contained by these containers when n is a power of two. In our case, however, there will
come a time when we can no longer divide by two because we have an odd part, s. But there
may be containers whose arguments do not divide n and we must thus consider these
containers and the g—mappings they contain.

In our example, this happens after only the first division. We go from 18 to 9 being generated
but then 9 are generated in each mapping proceeding. In other words, if we can’t divide it by
two, we generate s mappings in each new mapping. Following this discussion, we have
established:

Lemma 3.4: Let D, be a dihedral group where n=2"s,s >1 with mapping (i, j) as defined in
Section 2. Then for some fixed positive integer / :

Lo n [<r
(u(q.(-2) p:jez))| = {2
s otherwise
O

We know how many containers exist for any dihedral group where n=2"sand we now know
how many g —mappings exist in each container based on its parameters. The goal now is to
structure these containers in some kind of order so that we can count the x—mappings and
thus determine the order of P(D, ). First, our £(0,-2;)will go first and if we use lemma 3.4
with g= 0, we have 1(0,-2j) containing n /2 mappings. So far:

P(D,) =g+... (*)




Now let us add in to the mix our x—mappings which have parameters dividing n=2"s. These
are the u—containers of the form u(=2,-2), u((-2)*,(=2)*j), u(=2)’,(=2)* ), ...,
1((-2),(=2)" j) . As we are dividing n, it is not possible to have a power of two of greater

power than r dividing n. Otherwise, s would have another factor of two which we could factor
out and s would thus be even. Using lemma 3.4 with ¢ =/for [ =1,2,...,7 we have that the

. n on n .
orders of these x—container are 5, Z,..., z—rso these u—containers add

g+%+---+§= zg H—mappings to P(D,). Adding this to equation (*), we have:
i=1

-
n
+ ) —+... (**)

n
P@I=3+25

We now have left to consider the containers whose parameters do not divide n=2"s. How
many of these are there? We know that {u((=2)',(-2)' j:j€Z,l€Z"} has my —1 p—
containers as elements and we have accounted for, in equation (**), r of these x—containers.
There are thus (m, —1)—r p—containers left to account for. Because these x—containers do
not have parameters dividingn =2"s, we know that they each generate s #—mappings by
lemma 3.4. These u—containers together thus contain (m, —r—1)s distinct ¢z—mappings.

Adding this to equation (**), we have shown that:

P(D,)| =2+ 2+ 5(my —1-7)
2 F2
. N 2" -1 N . .
Using a well-known series Z? = Y we can simplify this equation as
i=1

n o~ h 2, (2“—1)
_E+;?+S(MR_1_F)_ 5 +2 ST

IP(D,)

+S(mR—1—r)=S(2H+2’ —2)+S(mR —r)

Thisis true if s >1.If s=0, however, we have m, =r and:

IP(D,)|=5(2" +2"7 =2)+s(my —r)=2"+2"" =2+ (r—r)=2"+2"-2
This is exactly the formula proved by C.D. Levy. Therefore, we have now proved:

Theorem 3.5: Let D, be a dihedral group where n=2"s(r >0,s >0 is odd) and let m, be as

defined. Then [P(D,)|=s(2" +2"" =2)+s(m, —r).
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4. The Order of the Left Commutator Semigroup

Christopher Levy again showed in [2] that:

2 +2" -2 =2 VA
e

n(ind, (n)+1) n odd
Where ind, (n) (for n odd and thus coprime to 2. This guarantees that some power of two is

one) is the least positive integer such that (2)™" =1(mod n).

We then ask the orders of the left commutation semigroup of dihedral groups D, where

n=2"s where reZ" and s >1 is odd. As with the right commutation semigroups, we need to
concern ourselves with how many x—containers are in

(1(0,2)): jeZ yuiu2',2'j): jeZ,,l € Z"} and how many —mappings each of these
containers contain. Again, these powers of two are eventually going to repeat thus giving us a

finite number of (21,2’)—containers in which to seek x—mappings. The definition of our

limiting index, however, changes to accommodate the powers of two all being positive. Let us
now define:

Definition: With n=2"s(re€Z", s >00dd), let m, be defined as:

min{x>7r:2" =2 (modn)} ifs>1
m =
! r ifs=1

Lemma4.1: For n=2"s with » >1 and s odd there exists a positive integer k > r such that
2" =2"(mod n)

Again, we know that m, exists and that there are m, —1 (2',2")—containers.

Example: Let us look at once more D, with n=36=2’9and let us observe out its left

commutation g —mappings differ from the right in how many (21,21)—containers exist and

how many g —mappings are contained in each of them.

11



The Containers Its Parameters (MOD n) How Many

1(0,2j) 0,2,4,6,8,10,12,14,16,18,20,22 | 18
24,26,28,30,32,34

u(2,2j) 0,2,4,6,8,10,12,14,16,18,20,22
24,26,28,30,32,34 18

u(4,4) 0,4,8,12,16,20,24,28,32

u(s,8j) 0,8,16,24,32,4,12,20,28 i

u(16,16j) 0,16,32,12,28,8,24,4,20 i

u(32,32j) 0,32,28,24,20,16,12,8,4 i

1(64,64j) = (28,28]) 0,28,20,12,4,32,24,16,8 i

1(128,128]) = u(20,20j) 0,20,4,24,8,28,12,32,16 i

1(256,256j) = u(4,4j) REPEAT | NO NEW MAPPINGS - STOP

In this example we can see that this change in definition of the index m, made quite a
difference in that the left commutation semigroups act in a very similar, yet quite distinct, way.
We found here that A(D,,) has 81 distinct elements and that the g —containers’ parameters
repeat after eight multiplications, compared to five when we were looking at the right. Aside

from this being interesting in being another example that |P(G)| # |A(G) , we do see that we

can construct a formula for the order of A(D,) in the same manner that we constructed one
for P(G) .m

Because these are again, powers of two, we notice that the x—containers here have similar

orders to those we calculated in their right commutation counterparts and that we can use the
same logic applied in our proof of lemma 3.4 to determine the orders of the x containers of the

left commutation semigroups. We observe the same halving of the orders of each x—container

until we once again reach a point where no more halving can occur because no more powers of
two can be factored out of n. We also observe the same orders appearing for the same types of
numbers as in lemma 3.4. We make a small modification and we have:

12



Lemma 4.2: Let D, be a dihedral group where n=2"s,s >1with mapping (i, j) as defined in

Section 2. Then for some fixed positive integer / :

n
y
s otherwise

I<r

{uq.2' )y jez)

m

We can now start constructing the formula for |A(Dn)|. On top, we have (0,2 ;) so using

lemma 4.2 with g = 0, we have (0,2 /) containing n/2 p—mappings and thus far, we have:
|A(Dﬂ) :%4_... (*)

Using similar reasoning to that of the right, we have r containers of the form 1(2,2 ),

w(2%,2° ), u(2°,2° ), ..., u(2",2" j) each containing their own g, %,...,% [L—mappings, by
lemma 4.2 with g =1,2,...,7. These containers thus add 2+£+...+§ = zg L —mappings
i=1
to A(D,). Amending equation (*), we get:
IAD,)| =2+ 2ﬁ+ (**)
i=1

In the same manner that we approached the right commutation semigroups, we know that
(u(2',2' j): jeZ | €Z} has m, —1 u—containers as elements and that we have accounted
for r of them already. We thus conclude that there are (m, —1)—k of these p—containers left
to consider. Because each of them have parameters not dividing n=2"s, each u—container
contains s 1z—mappings by lemma 4.2. Thus all such z—containers contribute s(m, —1-r)

elements to A(D,). Adding this to equation (**), we have shown:

[AD,)

n ~n
=—+) —+s(m, —1-r
2 ;21 ( L )

13



Using a well-known series Z? = T we can simplify this equation as
i=1

r

n ~~n 2's
=—+) —+s(m,—-1-r)=
> Z‘z (m, ~1=r)==

|A(Dn) +2’s@+s(mL—l—r)=s(2’1+2’—2)+S(mL—r)

Thisis true if s >1.If s=0, however, we have m, =r and:

IA(D,)| =52 +27 =2)+s(m, —r)=2"+2"" =24+ (r—-r)=2"+2"-2

This is again exactly the formula proved by C.D. Levy. Therefore, we have now proved:

Theorem 4.3: Let D, be a dihedral group where n=2"s(r >0,s >0 is odd) and let m, be

defined as above. Then |A(Dn) =52 +2"7" =2)+s(m, —7).

14



Appendix A: Proofs

Lemma 2.1: For every i,i', j,j'€Z, , u(i,j)=pu(@' j)ifandonlyif i=i'and j= ;'

Proof: First suppose that i =i' and j = j'then it is trivially true that u(i, j) = u(i', j') .
Conversely, suppose that u(i, j) = u(i', j') . Then (a)u(i, j) = (a)u(i', j') and a' = a’ and thus
i=i'".Suppose that i =0=i"then (b)u(0, j) = (b)u(0, j") and a’ =a’ and thus j=j'.

Lemma 2.2: Forall i,i',j,j'e€Z,, u(, juG',j")= pu(i', ji')

Proof: If g = a* then (a*)u(i, ju(i', j") = (@) u(i', j') = a" = (a" ) u(it', ji').
If g =a"b then a*bu(i, u@', j') = a u@', j') = a™*" =a*bu(ii', ji")

ki+ j kii'+ ji'
J = gy

Lemma 2.3: ForalljeZ, p , =u(0,-2)) and p, _, = p(-2,-2)
Proof: Let g € G.

If g =a* then (a")u(0,-2j)=a"" =a’ =1.

Also, (a")p _, =[a",a’1=1=(a")u(0,-2)).

If g = ba* then (ba*)u(0,-2j)=a""* =a™.

Also, (bak)pa,_, = [bak,a_‘f} =a'ba’ba*a’ =a*(a’)a" =a*aa"
=a = (ba") u(0,-2,).

Thus, p_ = u(0,-2).

Similarly, if g = a*, (a")u(-2,-2j)=a>.

Also, (a")p, _, = [ak ,ba’j] =a*a’ba'ba’ =a*a’ (a") a”’
=a*a’ata’ =a=a",

If g =ba", (ba")u(-2,-2j)=a"?.

Also,

(ba')p, ., =|ba*.ba”’ |=aba’bba'ba’ =at (") a”
—a a7 =a? = (ba" ) u(-2,-2))
Thus: pbaa/‘ = ,u(—2, _2J)

15



Lemma 2.4: ForalljeZ, A, =u(0,2j) and 4, = u(2,2)

Proof: Let g € G.

If g =a" then u(0,2/)=a""=a’ =1.

Also, (a*)A_, = [a"’,ak] =a’a*aa" =a”" =a" =1=(a")u(0,2).
If g = ba" then (ba*)u(0,2))=a*""* =a*.

Also, (ba*)A _, = [a’j,bak] =ad’a*ba’ba" =a’a(a) d" =a’a"a'd"
=a" = (ba")u(i, ))

Thus, 4, = 1(0,2)).

Similarly, if g = a* then (a*)u(2,2)) = a**.

Also, ()4, _, = [ba’j,a"] =a’ba*baa" =a’(a"Y a'd" =a’d a7 a"

=a™ =(a")u(2,2)).

If g = ba" then (ba*)u(2,2))=a’*"/.

Also, 4, _, =[ba ™’ ,ba" |=a’ba *bba'ba" =a’(a*) (a”)' d*
=a’a‘a’a" =’ =(ba" ) u(2,2)).

Thus, A, = (ba") (2,2 ).

b ba

Lemma 1: Forall a,b,d € Z,, u(d,a)u(0,b) = 11(0,0).
Proof: Let a,b € Z, then by Lemma 2.2, u(d,a)u(0,b) = u(d x0,ax0) = u(0,0)

Lemma 2.5: Every element of P(D,) is of the form #(0,-2j)or u((-2),(-2)' j) for some
Jje4,.

Proof: By Lemma 2.3, p, = 1(0,-2)) or p, = u(=2,-2j)forall g€ D,. To look at each
element of P(D,), we look at all possible products (by lemma 2.2) of these p’s.

By lemma 1, Forany r,s e Z,, p(0,-2r)u(0,-2s)= p(0,0)= 1(0,-2j) for j=0.

Forany r,s € Z , u(0,-2r)u(=2,-2s) = p(0x—2,-2x-2s) = 1(0,(-2)*s) = u(0,(=2)’ ) for
[=2and j=s.

By lemma 1, Forany r,s e Z,, pu(-2,-2r)u(0,-2s)= 1(0,0) = u(0,-2j) for j=0.

Forany r,s € Z,, u(=2,-2r)u(-2,-2s) = u((-2)*,(=2)’r) = u((-2)',(-2)' j) for j=0 and
[=2.
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Lemma 2.6: Every element of A(D,)is of the form 2(0,2/) or u(2',2' j)for some jeZ, .
Proof: By Lemma 2.4, 4, = 1(0,2)) or A, = u(2,2j)forall g€ D,.To look at each element of
A(D,), we look at all possible products (by lemma 2.2) of these A’s.

By lemma 1, Forany r,s € Z,, u(0,2r)u(0,2s) = 1(0,0) = 1(0,2) for j=0.

Forany r,s € Z,, u(0,2r)u(2,2s) = (0% 2,2x2s) = 11(0,2%s) = 1(0,2' j) for [=2 and j=s5.
By lemma 1, Forany r,s e Z,, u(2,2r)u(0,2s) = 1(0,0) = x(0,25) for j=0.

Forany r,s € Z,, u(2,2r)u(2,2s) = u(2*,2°r)= u(2',2' j) for j=0 and [ =2.

Lemma 3.1: Forany 4,B,C,DeZ,, C(4,B)NnC(C,D)=if, andonlyif, A=C.
Proof: Let 4,B,C,D€eZ,

First suppose that 4=C.Then C(C,D)=C(A4,D).Then Hy = 1(4,0) € C(4, B) because

1(A,0) = (A, Bi) for i =0. Similarly, %0 € C(4D)=C(C,D) 5, 11, € C(4,B)NC(C,D)# D

Conversely, suppose that C(4,B)NC(C,D)# < and let Hy C(A,B)mC(C,D). Then

Ho = 1A, Bi) = 1(C. D)) ¢ some B €Ly Then (a)u(A, Bi) = (@) u(C,Dj) iff a* = a® iff
A=B.

Lemma 2: If x, y are coprime positive integers, then for every u,v e Z, xu = xv(mod xy) if and
only if u =v(mod y).

Proof: First suppose that xu = xv(mod xy). Then x(u —v) =0(mod xy). Thus there existsa t € Z
such that x(u—v) =ty . If u—v=0then u =vand it follows that u =v(mod y). If u—v # 0then
u—v=tyandthus u=v(mod y).

Conversely suppose that u = v(mod y). Then there exists ¢ € Z such that u —v=1¢y . Thus
x(u—v)=txy and xu = xy(mod xy).

Lemma 3.2: There exists a positive integer k > such that (-2)" =(-2)"(modn).
Proof: Consider the powers of (-2) modulo s . Since sis odd and -2 =s—2(mods), sis coprime
to -2 and therefore -2 is invertible modulo s and the powers of -2 form a subgroup of the

multiplicative semigroup Z, . There is then a least positive integer ¢for which (-2)' =1(mods).
It follows then by Lemma 2 that (=2)"" =(=2)"(-2)' =(-2) (mod2"s). Letting k =r+¢, we are
done.
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Lemma 3.3: There are m, —1 distinct ((-2)',(~2)")—containers , for / e Z".

Proof: To show that, for n=2"s there are exactly m, —1 distinct ((-2),(-2)") —containers, it
will suffice to show that :

(-2)',(=2)%,...,(=2)"* " are all distinct, and

(=2) =(=2)'(n) for some ¢t >m, —1 and some i <m, —1. That is, any power of negative two

larger than m, —1 gives us an already generated parameter for a container.

Firstly, BWOC suppose that there exists integers p,q such that 1< p <7 <m, —1such that
(-2)" =(-2)"(n) . However, p <m, , contradicting the fact that m, is the least integer such
that (-2)" =(-2)"(n).

Secondly, suppose that ¢ > m, > m, —1is an integer such that for some non-negative integerk,
t =my + k . Define now a positive integer 7 =m, —r . Because my, is the first power at which

2" =2"%(n), zcan be interpreted a periodic measure and thus for any positive integer a :
2" = 2" (n). By the Quotient-Remainder Theorem, we know that there exist integers a,q (
0<qg<r)suchthat k =az+gq.Then 2' =2"" = 2" — "t () = 2" (1) . Also,

g<m,—r=rx andso r+q<m,—1<m,andthus 2' =2'(n) for some 1<i=r+q<m,—1.

Lemma 4.1: There exists a positive integer k > such that 2" = 2" (modn).
Proof: Consider the powers of 2 modulo s. Since sis odd, sis coprime to 2 and therefore 2 is

invertible modulo s and the powers of 2 form a subgroup of the multiplicative semigroup ZS.
There is then a least positive integer ¢for which 2’ =1(mods) . It follows then by Lemma 2 that
2" =2"2"=2"(mod2"s). Letting k =r +¢, we are done.
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n |P(D.) | A(D,) |
3 b 9
l 4 4
5 25 25
6 b 9
7 49 28
8 10 10
9 36 63
10 25 25
11 66 121
12 15 18
13 169 169
14 49 28
15 75 Fis!
16 22 22
17 153 153
18 36 63
19 190 361
20 40 40
2. 147 147
22 66 121
23 529 276
24 33 36
25 525 525
26 169 169
27 270 513
28 70 49
29 841 841
30 75 75
31 341 186
32 46 46
33 198 363
34 153 153
35 455 455
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